Following the proposal of steady state thermodynamics (SST) by Oono and Paniconi, we develop a phenomenological theory for steady nonequilibrium states in systems with heat conduction. We find that there is essentially a unique consistent thermodynamics, and make concrete predictions, i.e, the existence of a new osmotic pressure and a shift in the coexistence temperature. These predictions allow one to test for the quantitative validity of SST by comparing them with experiments.
If the system is kept in this setting for a sufficiently long time, it is expected to reach a unique steady state with a constant heat current without any macroscopically observable changes. (We assume that convection does not take place.) By J we denote the total energy that flow into the system from the right wall within a unit time.
We now restrict our attention to a thin portion of the system within a small distance L from the left wall as in Fig. 1 . Here the length L is taken so that the temperature in the thin portion becomes essentially constant. We assume (as in local equilibrium approaches) this is realized with L which is much larger than any microscopic scales. The state in this thin portion is the local steady state that we study [7] . Our first crucial assumption is that the local steady state can be fully specified by four macroscopic parameters as (T, J; V, N), where V = AL is the volume and N is the amount of substance in the thin portion. We stress that the heat flux J need not be small.
As in the conventional thermodynamics, it is essential to consider decomposition/recombination and scaling of local steady states. In doing so, we shall always fix the cross section A and vary only the length L (within the range the system remains thin). Consider splitting the system of length L into those with lengths L 1 and L 2 (with L = L 1 + L 2 ) by a plane parallel to the left and right walls [8] . Correspondingly, we assume that the local steady state (T, J; V, N) can be decomposed into two local steady states (T, J; V 1 , N 1 ) and (T, J; V 2 , N 2 ), and the two states can be recombined back into (T, J; V, N). Here V i = AL i , and N 1 + N 2 = N. Similarly, for λ > 0, we assume that one can scale the length L to λL to get a scaled copy (T, J; λV, λN) of the state (T, J; V, N). These observations imply that the heat flux J behaves in a similar way as T , and hence should be regarded as an "intensive" variable. This identification is essential in our theory. Figure 2 : The porous wall in the middle of the container separates an equilibrium state and a steady nonequilibrium state. If we restrict our attention to the vicinity of the porous wall (denoted by dashed lines), we get a situation where a local steady state and an equilibrium state are in balance with each other. We use this setting to measure the chemical potential of the steady state. We will also see that there appears a force (of nonequilibrium origin) that pushes the porous wall towards the equilibrium region irrespectively to the sign of J = 0. This is an example of "flux induced osmosis." SST free energy: Our second essential assumption is the existence of the SST free energy F (T, J; V, N), which is a thermodynamic potential describing the response of the local steady state when the extensive variables V and N are varied. We assume that there is a function F (T, J; V, N) which is concave in intensive variables T , J, and convex in extensive variables V , N. It should have additivity
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for any decomposition as above, extensivity F (T, J; λV, λN) = λ F (T, J; V, N) for λ > 0, and symmetry F (T, J; V, N) = F (T, −J; V, N) to reflect the obvious left-right symmetry of thin systems. Most importantly, we require that the derivatives of F (T, J; V, N) in V and N have operational meanings exactly parallel to those in the conventional thermodynamics.
More precisely, we first require ∂F (T, J; V, N)/∂V = −p(T, J; V, N), where the pressure p(T, J; V, N) is simply determined by measuring the force that the system exerts on the left (or the right) wall [9] . We then require ∂F (T, J; V, N)/∂N = µ(T, J; V, N), where the chemical potential µ(T, J; V, N) is measured using a special device as in Fig. 2 . Here the left and the right walls of the container are kept at constant temperatures T and T ′ , respectively. In the middle of the container, there is another wall made of a porous medium which is kept at a constant temperature T with the aid of an external heat bath. We assume that the substance can move across the porous wall. Suppose that the whole system has reached a steady state. Then the left half of the system has a constant temperature, and is in a normal equilibrium state. The right half is in a nonequilibrium steady state (which is not necessarily local) with a constant heat flux. In order to examine the balance between the two parts, we restrict our attention to a thin part of the system within a fixed distance from the porous wall as denoted by dashed lines in Fig. 2 . If the distance is small enough, the part of the steady state can be regarded as local. Then we get a situation where a local steady state (T, J; V, N) and an equilibrium state (T, 0; V ′ , N ′ ) are in balance with each other with respect to the exchange of the substance. Then it is natural to define µ(T, J; V, N) to be equal to µ(T, 0; V ′ , N ′ ), where the latter can be determined within the conventional equilibrium thermodynamics. The two derivatives and the extensivity determine F (T, J; V, N) without any ambiguities [10] , as is obvious from the Euler equation
which is derived by using the extensivity as usual. Let us define (extensive) SST entropy as
and a new "extensive" quantity
which we shall call nonequilibrium order parameter . From the symmetry and the concavity of F , one finds that Ψ(T, J; V, N) = −Ψ(T, −J; V, N) ≥ 0 for J ≥ 0. We expect to have Ψ(T, J; V, N) > 0 for J > 0 in generic systems. Note that both S and Ψ can be measured operationally since F can be. As in the conventional thermodynamics, one can derive various identities between thermodynamic quantities. The existence of the SST free energy with the desired properties is nothing more than an optimistic assumption. It is possible in principle that such a theoretical framework as SST simply does not exist in Nature. We therefore predict two concrete phenomenathe existence of a new osmotic pressure called flux-induced osmosis (FIO) and a shift of coexistence temperature -and present some exact relations, which enable one to test for the quantitative validity of SST through experiments.
Flux-induced osmosis: Let us consider the situation in Fig. 2 , and examine the behavior of the pressure p ss = p(T, J; V, N) of the steady state. We fix the temperature T and the pressure p eq = p(T, 0; V ′ , N ′ ) (by suitably varying the volume V ′ ) of the equilibrium state, and vary only the flux J. The chemical potential of the equilibrium state is thus constant, and so is the chemical potential µ(T, J; V, N) of the local steady state (by definition). We differentiate the Euler equation (1) by J with T and p eq fixed. Keeping in mind that V and N may depend on J, we find
Noting the sign of Ψ, this implies p ss ≥ p eq in general. If Ψ is nonvanishing (as we expect) then one has p ss > p eq for J = 0. Recalling that the pressures are defined from mechanical forces exerted on the walls, this implies that the porous wall is actually pushed towards the equilibrium region irrespectively to the sign of the heat flux J. We stress that this force, which is absent in equilibrium or local-equilibrium treatments, is of purely nonequilibrium origin [11] . This is an example of a general phenomenon that we call flux-induced osmosis (FIO) [6] .
In the same situation, one can also derive [6] a nontrivial identity
where v eq = V ′ /N ′ and v ss = V /N. Since the identity involves only directly measurable quantities, it may be useful in quantitative tests of SST in (real and numerical) experiments.
Shift of coexistence temperature: Consider again the original setting in Fig. 1 , and assume that the pressure p is kept constant. We further assume that a phase coexistence takes place in the system, i.e., the lower temperature region of the container is occupied by one phase (e.g. liquid) while the higher temperature region by another (e.g. gas). We then ask what is the temperature T c (p, J) at the boundary between the two phases. Within local equilibrium treatments, one simply concludes that T c (p, J) is the same as its equilibrium value T c (p, 0). In SST, however, we find (from an analysis similar to that for FIO) that
were ψ low and ψ high are the molar Ψ of the two phases at the coexistence point, and s low and s high are the corresponding molar SST entropies. The identity (6) means that in general T c (p, J) shifts from its equilibrium value. In case T c (p, J) > T c (p, 0) [12] , one has a remarkable phenomenon of "heat flux induced freezing", i.e., one observes a solid phase in a system with one wall having a temperature slightly higher than the melting point and the other wall having a much higher temperature.
Choice of nonequilibrium variable: Finally let us make an important remark about the choice of nonequilibrium thermodynamic variable. A local steady state may also be specified as (T ; V, N, τ ), where τ is the (small) temperature difference between the left and right ends of the system. Since τ is proportional to the length L in a thin uniform state, it should be regarded as an "extensive" quantity. Then, in any mathematically "healthy" thermodynamics, the corresponding free energyF (T ; V, N, τ ) (if exists) should be convex in V , N, and τ . The convexity and the extensivity implies a variational principlẽ
for fixed V 1 , V 2 , N 1 , N 2 , and τ . This relation determines the temperature T + τ * at the boundary of the two parts of the system (with volumes V 1 and V 2 , respectively) when the total temperature difference τ is fixed. In a differential form, this condition becomes
, where ν(T ; V, N, τ ) = ∂F (T ; V, N, τ )/∂τ . On the other hand, we already know from the energy conservation law that τ * can be determined by the condition J(T ;
where we expressed the heat flux J as a function of (T ; V, N, τ ). Since the conditions written in ν and in J must be equivalent, we conclude that there is a function f such that J(T ; V, N, τ ) = f (ν(T ; V, N, τ )) for any (T ; V, N, τ ). But, noting that J has a dimension of energy divided by time while ν is dimensionless, we find that such a universal function f simply does not exist. This observation implies that one can never get a consistent thermodynamics by using the temperature difference τ as a nonequilibrium variable. In fact we believe that the representation in terms of (T, J; V, N), where the nonequilibrium variable J directly reflects the energy conservation law, provides an essentially unique consistent thermodynamics for a system with steady heat flux [13] .
Discussions: By following the philosophy of [5] , we are led to an essentially unique thermodynamics (SST) for heat conduction. The uniqueness suggests that, if a consistent thermodynamics for steady heat conduction exists at all, then it should be equivalent to what we have described here. The resulting theory led us to novel predictions which allow one to test for the quantitative validity of SST through experiments, other theoretical results [14] , and numerical calculations [15] . One might ask whether the novel predictions of SST are physically significant. In the small J region, both the two phenomena reveal themselves only in quantities of order J 2 . But as the validity of SST and these predictions are by no means restricted to small J, it is possible that the flux-induced osmosis and the shift of coexistence temperature have significant effects in highly nonequilibrium situations [16] . Moreover SST may be applied to various "non-standard" systems including rheology and granular matter. We hope that the framework of SST provides us with a general point of view for unifying various phenomena in these systems.
Perhaps the most crucial point about the potential significance of SST is whether it becomes a useful guide in the (future) construction of statistical mechanics for steady nonequilibrium states. The fact that we have arrived at an essentially unique theory is rather encouraging. We hope that, by trying to construct a statistical theory that is consistent with the (unique) nonequilibrium thermodynamics, we are naturally led to a meaningful and correct statistical mechanics for steady nonequilibrium states.
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[14] There are attempts to analyze FIO from a systematic expansion in the Boltzmann equation (Kim and Hayakawa, in preparation), to construct a phenomenological fluctuation theory corresponding to SST (Wada and Sasa, in preparation), and to study steady states in a variant of the driven lattice gas using a systematic (and rigorous) expansion (Tasaki, in preparation).
[15] Most of the "standard" stochastic models used to study nonequilibrium phenomena are designed merely to recover equilibrium distributions and fluctuations around equilibria. They may not be realistic in far-from-equilibrium situations that we are concerned with. To check the validity of SST using numerical experiments is therefore not as straightforward as one might first imagine. Nevertheless preliminary numerical analysis in the driven lattice gas is rather promising (Hayashi and Sasa, in preparation).
[16] It is likely that these effects are enhanced around the gas-liquid critical point.
